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Abstract
We present a purely affine gravitational model in four dimensions built
up entirely on the bases of full diffeomorphism invariance, and power-
counting renormalizability. We show that its non-relativistic limit around
a homogeneous and isotropic spacetime yields to a Newtonian gravity.
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1 Introduction
In a critique to Newtonian mechanics, Mach proposed that inertial forces should
have a dynamical rather than a kinematical origin (for a deeper discussion on
the subject of Mach’s principle see Ref. [1] and references therein).
Notice that any locally Minkowskian metric in the kinematics of the de-
scription of spacetime will introduce a notion of inertial forces at a microscopic
level [2]. With this in mind, we will explore the dynamical origin of inertial
forces, studying the dynamics of the affine connection of a manifold with tor-
sion. For this end, we use the most general power-counting renormalizable
action that includes only the gauge connection associated with diffeomorphisms
invariance.
During the last years an increasing amount of alternative theories of gravity
have been built and tested. Yet, General Relativity (GR) has proven to be
the most successful theory of gravity. Still, it is not as successful as we may
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wish [3, 4, 5]. Part of the problem is that the standard quantization procedure
cannot be applied properly on GR. Moreover, not only it is not renormalizable,
but there are problems with the choice of variables to be quantized and the choice
of the Hilbert space to be used. Although we dare not to say anything against
metric spacetimes, to sum over all possible field configurations of the metric
seems to be wrong, as this would imply summing Euclidean and Minkowski
like contributions to the transition amplitudes on equal terms. Additionally, we
might also consider the difficulties of quantizing non-polynomial field theories,
and more specifically square roots of the metric that appears in the Hamiltonian
in an ADM formulation of GR.
In order to bypass some of these issues, several approaches have been de-
signed that use the connection as a fundamental field. For instance, a well-known
example comes from the context of Cartan formulations of gravity,[6] using the
relation between the Weitzenbo¨ck and Levi-Civita connections it is possible to
obtain an equivalent Lagrangian to the one by Einstein and Hilbert, as a func-
tion of the torsion field. This approach is known as Teleparallel Gravity (see
Ref. [7, 8, 9] and references within).
Furthermore, another alternative description of GR developed initially by
Ashtekar uses the spin connection as the fundamental field and the frame field
turns out to be its canonically conjugated momentum. In the context of Loop
Quantum Gravity (LQG), using Ashtekar connection, a successful quantization
program has been achieved [10, 11]. Originally, this approach towards quantum
gravity addressed the concerns of the quantization of non-polynomial functions
of the gravitational field, but later on it turned out that diffeomorphisms sym-
metry would not show up when the quantum operators were not of the correct
density weight, which forces one to reintroduce the squared root [12]. Some
strength of this quantization program lie within a theorem by H. Sahlmann et
al. in Ref. [13] that states the only diffeomorphisms invariant Hilbert space that
supports the Heisenberg algebra, for the connection and its associated momen-
tum, is the one of LQG. In spite of its success, LQG has not advanced enough
to conclude that its low energy effective description is GR. Currently, there is
no clue about the LQG effective description at other scales, nor its continuum
spacetime limit either. Therefore, we cannot conclude that the search for a fun-
damental theory of gravitational interactions has ended. On the contrary, there
are increasingly many alternatives to the usual metric description of gravity and
they all must be tested against experiments and observations.[14]
In this article we study a power-counting renormalizable, diffeomorphism in-
variant model consisting solely of an affine connection (with torsion). We expect
this model may overcome the uniqueness theorem about diffeomorphism invari-
ant theories of connections, since we have no fundamental metric field to quan-
tize. The earliest model that argues a description of gravitational interaction
in terms of connections as fundamental fields was presented by Eddington [15],
for an spacetime with positive cosmological constant. He proposed the square
root of the determinant of the Ricci tensor as the gravitational Lagrangian.
It has also being emphasized the character of GR as a gauge theory in order
to address the issues of quantization and regularization, as in LQG. Authors
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like N. Pop lawski [16] and K. Krasnov [17] have advanced the road towards a
pure connection gravity theory.
The article is organized as follows: In Sec. 2 we analyse the more gen-
eral “gravitational” theory built with the affine connection and power-counting
renormalizable. In Sec. 3 we study the four-dimensional model, built under the
same precepts than before. Additionally, we found solutions to the equations
of motion assuming a static, homogeneous and isotropic background, and show
that in the non-relativistic limit of the theory the gravitational potential is New-
tonian. Finally, in Sec. 4 we briefly discuss the reaching consequences of the
model.
2 Warming up: The three-dimensional case
Formally, the curvature of a manifold is defined through the commutator of
covariant derivatives under diffeomorphims, ∇ˆµ, but for general choice of the
connection, Γˆµνλ, there is an extra contribution given by its antisymmetric
part in the lower indices, T µνλ = 2Γˆ
µ
[νλ]. Therefore, the commutator of the
covariant derivatives acting on a vector, V ρ, yields,[
∇ˆµ, ∇ˆν
]
V ρ = Rˆµν
ρ
λV
λ − T ρµν∇ρV ρ. (1)
Note that T ρµν is a nine-dimensional tensor representation under diffeomor-
phisms.
In order to build topological invariants of density one, we can use the skew-
symmetric Levi-Civita tensor ǫµ1µ2...µn in n-dimensional space(-time).
With these ingredients, in a three-dimensional space we write an action
(2)
S[Γ] =
∫
d3x
{
Rˆµ1µ2
ρ
µ3T
σ
µ4µ5
∑
pi∈Z5
Cpiδ
µ
pi(1)
ρ δ
µ
pi(2)
σ ǫ
µ
pi(3)µpi(4)µpi(5)
+ T ρµ1µ2T
σ
µ3µ4T
τ
µ5µ6
∑
pi∈Z6
Dpiδ
µ
pi(1)
ρ δ
µ
pi(2)
σ δ
µ
pi(3)
τ ǫ
µ
pi(4)µpi(5)µpi(6)
+ T ρµ1µ2∇ˆµ3T σµ4µ5
∑
pi∈Z5
Epiδ
µ
pi(1)
ρ δ
µ
pi(2)
σ ǫ
µ
pi(3)µpi(4)µpi(5)
}
,
where all possible permutations of n elements π ∈ Zn have been included in the
sums with different constants Cpi, Dpi and Epi for permutation.
The torsion field can be decomposed into invariant tensors respecting the
symmetry,
T σµν = ǫµνρT
σρ +A[µδ
σ
ν], (3)
with a symmetric T σρ of density weight w = 1, and Aµ = T
ν
µν is the trace part
of the more arbitrary T σµν . In the action in Eq. (2) an extra Chern–Simons
term, which in three dimensions is invariant under diffeomorphisms, with a
coefficient B9.
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The affine connection can be decomposed into its symmetric and antisym-
metric parts,
Γˆλµρ = Γ
λ
(µρ) + ǫµρσT
λσ +A[µδ
λ
ρ], (4)
where ǫµρσ has been introduced, and it is related to the skew symmetric ǫ
µρσ
through the identity ǫλµνǫρστ = 3! δ
λ
[ρδ
µ
σδ
ν
τ ]. Therefore, the curvature tensor
can be expressed as
(5)
Rˆµν
σ
ρ = Rµν
σ
ρ − 2ǫρα[µ∇ν]T σα + ∂[µAν]δσρ + δσ[µ∇ν]Aρ + ǫµνκT κσAρ
− δσ[µǫν]ραTαβAβ +
1
2
δσ[µAν]Aρ − 2ǫαβ[µǫν]ρδT σαT βδ,
where ∇ρ and Rµνλρ are the covariant derivative and curvature associated to
the symmetric part of the connection. Notice that Bianchi identity, obtained as
ǫµνλRµν
ρ
λ = 0, leads us to the following
ǫµνρRˆµν
λ
ρ = 4∇ρT ρλ + 2ǫµνλ∂µAν − 4T λρAρ. (6)
Using the Eqs. (5) and (6) one can rewrite the action (up to a boundary term)
as
S[Γ, T, A] =
∫
d3x
(
B1Rµν
µ
ρT
νρ +B2ǫ
µνρRµν
σ
σAρ +B3ǫ
µνρAµ∂νAρ
+B4T
µν∇µAν +B5T µνAµAν +B6 det(T µν)
+B7ǫ
µνλ
(
Γσµρ∂νΓ
ρ
λσ +
2
3
ΓτµρΓ
ρ
νσΓ
σ
λτ
)
+B8ǫ
µνρΓσµσ∂νΓ
τ
ρτ
)
,
(7)
with Bi the coupling constants.
At this point, it is useful to introduce what we have called the “Eddington’s
trick” [15]. First of all, notice that in the usual Einstein–Hilbert action the
variation of the action with respect to the Ricci tensor yields an inverse metric
density. Thus, a sort of dual theory could be obtained by identifying the tensor
density obtained from the variation of the action with respect to the symmetric
part of Ricci tensor with the inverse metric density (see Ref. [15, 16])
δ
δR(µν)
S[Γ] =⇒√ggµν . (8)
Noticing that in the first term, the variation respect to the Ricci tensor yields
to T µν , it can be argued that in a standard theory of gravity this tensor density
corresponds to
√
ggµν . Therefore, Eq. (7) reveals a one to one correspondence
with general relativity nonminimally coupled to the Aµ field,
(9)
S[g,Γ, A] =
∫
d3x
(√
g
(
B1R+B4∇µAµ +B5AµAµ +B6
)
+B2ǫ
µνρRµν
σ
σAρ +B3ǫ
µνρAµ∂νAρ +B7ǫ
µνλ
(
Γσµρ∂νΓ
ρ
λσ
+
2
3
Γτ µρΓ
ρ
νσΓ
σ
λτ
)
+B8ǫ
µνρΓσµσ∂νΓ
τ
ρτ
)
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Thus, an interesting sector of the theory corresponds to the space of non-
degenerated T µν .
3 Four-dimensional metricless (and torsionful)
action
Following the precepts already stated, we start by defining an irreducible rep-
resentation decomposition for the full connection field
Γˆµρσ = Γ
µ
ρσ + T
µ
ρσ = Γ
µ
ρσ + ǫρσλκT
µ,λκ +A[ρδ
µ
ν], (10)
where Γµρσ denotes a forty-dimensional symmetric connection, Aµ is a four-
dimensional vector field that gives trace to the antisymmetric part of the full
connection, and T µ,λκ is a twenty-dimensional Curtright field (see Ref. [18]) that
is defined through the symmetry of its indices: antisymmetric in the last two
indices, and it has a cyclic property T µ,λκ + T λ,κµ + T κ,µλ = 0. In other words
that T [µ,λ]κ = 12T
κ,λµ, just as for the Riemmann tensor Rµ[ν
α
λ] =
1
2Rλν
α
µ.
Notice that due to its symmetries, the contraction ǫρσλκT
µ,λκ is traceless.
Additionally, since no metric is present the epsilon symbols are not related
by lowering or raising their indices, but instead one demands that
ǫδηλκǫµνρσ = 4! δ
δ
[µδ
η
νδ
λ
ρδ
κ
σ].
One can write all the combinations of fields that would presumably be renor-
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malizable with these three independent fields —up to a boundary term—,
S[Γ, T, A] =
∫
d4x
[
B1Rµν
µ
ρT
ν,αβT ρ,γδǫαβγδ +B2
(
Rµν
σ
ρ
+
2
3
δσ [µRν]λ
λ
ρ
)
T β,µνT ρ,γδǫσβγδ +B3Rµν
µ
ρT
(ν,ρ)σAσ
+B4
(
Rµν
σ
ρ +
2
3
δσ [µRν]λ
λ
ρ
)(
T ρ,µνAσ − 1
4
δρσT
κ,µνAκ
)
+B5Rµν
ρ
ρT
σ,µνAσ + C1Rµν
µ
ρ∇σT (ν,ρ)σ
+ C2Rµν
ρ
ρ∇σT σ,µν +D1Tα,µνT β,ρσ∇γT (λ,κ)γǫβµνλǫαρσκ
+D2T
α,µνT λ,βγ∇λT δ,ρσǫαβγδǫµνρσ
+D3T
µ,αβT λ,νγ∇λT δ,ρσǫαβγδǫµνρσ
+D4T
λ,µνT κ,ρσ∇(λAκ)ǫµνρσ +D5T λ,µν∇[λT κ,ρσAκ]ǫµνρσ
+D6T
λ,µνAν∇(λAµ) +D7T λ,µνAλ∇[µAν]
+ E1∇(ρT ρ,µν∇σ)T σ,λκǫµνλκ + E2∇(λT λ,µν∇µ)Aν
+ Tα,βγT δ,ηκT λ,µνT ρ,στ (Λ1ǫβγηκǫαρµνǫδλστ + Λ2ǫβληκǫγρµνǫαδστ )
+ Λ3T
ρ,αβT γ,µνT λ,στAτ ǫαβγλǫµνρσ + Λ4T
η,αβT κ,γδAηAκǫαβγδ
]
,
(11)
where the
terms B2 and B4 contain a traceless contribution of the curvature. In this
case, the induced “inverse metric density” [see Eq. (8)] is
(12)
g¯µν ≡ √ggµν
= B1T
µ,λκT ν,ρσǫλκρσ +B3T
(µ,ν)λAλ + C1∇λT (µ,ν)λ.
Symmetric solution to the equations of motion
In four dimensions there is no obvious equivalence of Eq. (11) with GR, specially
due to the lack of a fundamental metric field in the given model. However, both
models are explicitly invariant under diffeomorphisms, and even if their struc-
tures and number of degrees of freedom differ, the action in Eq. (11) provides
a context where parallel transport of particle’s velocities on a purely torsional
background is nontrivial.
Here, we wish to stablish the model’s non-relativistic (Newtonian) limit for
the “geodesic” deviation of “inertial” observers at rest with respect to a static,
isotropic, homogeneous and spatially flat background within the context pro-
vided by Eq. (11). In order to properly analyse the model, we propose the
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following decomposition of the fields
Aµ = δ
0
µA+ aµ, (13)
T µ,νρ = δµmδ
νρ
m0T + t
µ,νρ, (14)
and
Γλµν = Eδ
λ
0 δ
m
µ δ
m
ν + Fδ
λ
mδ
m
(µδ
0
ν) +Gδ
λ
0 δ
0
µδ
0
ν + γ
λ
µν , (15)
where δµνλκ = δ
µ
λδ
ν
κ − δµκδνλ.
In order to make perturbation theory we will expand around a static, isotropic
and homogeneous solution of the equations of motion, because these are char-
acteristic of the observable universe.
The induced metric in Eq. (12) on the background is
(16)
√−ggµν =
(
B3A+
1
2
C1F
)
Tδµmδ
ν
m − 3C1ETδµ0 δν0 ,
while the Ricci curvature tensor calculated from Eq. (15) is
(17)Rµν =
1
2
EFδmµ δ
m
ν −
3
4
F 2δ0µδ
0
ν .
Therefore, whether the four-dimensional Eddington’s metric structure is Rie-
mannian or pseudo-Riemannian will depend exclusively on the values of the
parameters of the action in Eq. (11) and the signs of the components of the
connection field. The first order perturbations of the action yields
δS =
((
(B3 +
8
3
B4 +
1
2
E2)A+ 4C1F − 2C1G
)
E
+ 8 (−D1 + 2D2 +D3)T 2
)
TδΓm 0m +
(
(
1
2
B3 +
4
3
B4 +
1
4
E2)AF
+ (B3 − 4
3
B4 − 1
2
E2)AG+ C1F
2 − C1FG−D6A2
)
TδΓ0mm +
((
− (1
2
B3 +
4
3
B4 +
1
4
E2)AF + (−B3 + 4
3
B4 +
1
2
E2)AG − C1F 2
+ C1FG+D6A
2
)
E +
(
12 (D1 − 2D2 −D3)F + 24L3A
)
T 2
)
δTm
0m
+
(
(3B3 − 4B4 − 3
2
E2)A− 3C1F
)
ETδΓ0 00 +
(
3
(
− 2D6A
+(
1
2
B3+
4
3
B4+
1
4
E2)F +(B3− 4
3
B4− 1
2
E2)G
)
E−24L3T 2
)
TδA0 = 0,
(18)
and we are most interested in solutions to the connection field whose contribu-
tion to the parallel transport equation of a test particle’s velocity is that of a
free particle, at least at the low velocity regime
x¨i + 2F x˙0x˙i = 0, and x¨0 + E (x˙i)2 +G (x˙0)2 = 0, (19)
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which we can achieve by setting F = G = 0 and E 6= 0 since (x˙i)2 is already
second order in the velocities. Thus, looking again at the equations of motion
we can find a nontrivial solution if we set all coupling constants to zero but
B3 6= 0, B4 = − 32B3, C1 6= 0 and E2 = 6B3.
Additionally, we can incorporate perturbative inhomogeneous sources to the
connection field equations and check on how these fluctuations affect motion.
For this, we consider a matter’s action, whose dependence on the affine connec-
tion can be almost arbitrary. However, we will presume that it will depend only
on the barred metric in Eq. (12)
SMatter = SMatter[g¯
µν ].
Thus, a non-moving matter point particle at the origin of the reference frame
will contribute to the equations of motion for the gravitational field through the
component g¯00 following the symmetries of the matter source
δSMatter = C1
(
− 1
2
(δΓ0mn)Tδ
mn − 1
2
(δT 00m)ıpm +
1
2
(δTm0n)Eδmn
)∂LMatter
∂g¯00
.
(20)
Scalar modes and Newtonian limit
In order to obtain the non-relativistic limit, i.e., the Newtonian potential, one
performs the scalar mode perturbative expansion. One proceeds by substituting
the connection and torsion components by their scalar perturbation decompo-
sition,
aµ → δ0µa+ δmµ ∂maL, (21)
(22)
tµ,νρ → δµmδνρn0
(
tδmn + ∂m∂ntL
)
+ δµ0 δ
νρ
m0∂
mcL +
(
δ
µ
0 δ
νρ
mn
− δµmδνρn0
)
ǫmnp∂pb + δ
µ
mδ
ν
nδ
ρ
p
(
ǫnpq∂q∂
md1 + (δ
mn∂p − δmp∂n)d2
)
and
γλµν → δλ0 δ0µδ0νu+ δλmδ0µδ0ν∂mvL + 2δλ0 δ0(µδmν)∂mwL + δλ0 δmµ δnν
(
xδmn + ∂m∂nxL
)
+ 2δλmδ
0
(µδ
n
ν)
(
y1δ
m
n + ǫ
mp
n∂py2 + ∂
m∂nyL
)
+ δλmδ
n
µδ
p
ν
(
δnp∂
mz1
+ (δmn∂p + δ
m
p∂n)z2 + (ǫ
mq
n∂p + ǫ
mq
p∂n)∂qz3 + ∂
m∂n∂pzL
)
,
(23)
where the scalar fields identified with the sub-index “L” correspond to longitu-
dinal degrees of freedom. Vector and tensor perturbations are left for further
investigations of the structure of the model.
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The first order perturbative expansion of the equations of motion around
the already described background in momentum space with p0 = 0 is given by
δS =
(
− 2Ed2 + t− p2tL + TwL + 3Tz1 + 2Tz2 − Tp2zL
)
6B3p
2 δA0 +
(
− Ep2d2 + 1
2
p2t− 1
2
p4tL − 1
2
Tp2wL − 6ETy1 + 2ETp2yL + 3
2
Tp2z1
+ Tp2z2 − 1
2
Tp2p2zL
)
C1 δΓ
0
00 +
(
6B3a− 1
2
C1u+ 2C1EvL +
1
2
C1y1
− 3
2
C1p
2yL
)
T ıpm δΓ00m+C1Tp
2vL δ
mn δΓ0mn+
(
−p2cL+2EEd2+4Et
− 2Ep2tL + 2ETwL + 3Tx− Tp2xL − 10ETz2 + 2ETp2zL
)
C1ıpm δΓ
m
00
+
(
Ep2d2+
1
2
p2t− 1
2
p4tL−2ETu− 1
2
Tp2wL+8ETy1−2ETp2yL+1
2
Tp2z1
+Tp2z2− 1
2
Tp4zL
)
C1 δ
m
n δΓ
n
0m+
(
− 4Ed2− t+p2tL+2TwL− 2ETyL
− 2Tz1 + Tp2zL
)
C1pnp
m δΓn0m − 6ETy2C1ıppǫnpm δΓn0m +
(
6B3Ta
+C1p
2d2+
1
2
C1Tu+C1ETvL− 1
2
C1Ty1+
1
2
C1Tp
2yL
)
ıpm δ
np δΓmnp+
(
− 3EvL+ y1−p2yL
)
C1T ıp
n δm
p δΓmnp+
(
−d2+TyL
)
C1ıpmp
npp δΓmnp
+ vLC1p
2ıpm δT
00m − vLC1Ep2 δmn δTm0n +
(
− 6B3a− 1
2
C1u
− C1EvL − 1
2
C1y1 − 1
2
C1p
2yL
)
pmpn δT
m0n +
(
6B3Ea+
1
2
C1Eu
− C1EEvL + 1
2
C1Ey1 − 3
2
C1Ep
2yL − C1p2z1
)
ıpm δnp δT
nmp,
(24)
which we will add to the variations of the action of the matter from Eq. (20)
and set δStotal = 0.
Solutions to this set of equations are in general a highly difficult problem
that concerns twenty equations of motion with twenty scalar fields to be fixed.
Yet, knowledge of the value of some of these scalars does not necessarily help
to determine how geodesics are affected. For this, we only need γi00 and γ
0
00
as these provide the first order contributions to the equations
x¨i + γi00(x˙
0)2 = 0, and x¨0 + γ000(x˙
0)2 = 0. (25)
From Eq. (25) we can conclude that we need only know γi00 = ∂
ivL, which we
obtain in Fourier space to be
vL =
1
2
∂LMatter
∂g¯00
1
p2
. (26)
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In position space,
vL =
1
8π
∂LMatter
∂g¯00
1
|~x| (27)
is the usual Newtonian potential for a massive far off source.
4 Discussion
In this paper we have proposed novel model of gravitational interactions with full
diffeomorphisms invariance as the main guiding principle, whose fundamental
field is an affine connection and no metric field is assumed (nor needed). Sur-
prisingly, in four dimensions, it upholds the correct Newtonian limit, supporting
the suspicions that it may describe some aspects of gravitational physics that
have not been exposed yet. Still, the model is alien for anyone accustomed to
metric spacetimes or their extensions, specially since no local Lorentz structure
is present. We also argue that in the absence of fundamental inertial structure,
it becomes a natural playground to test the full reaches of Mach’s Principle.
Additionally, within the model, all coupling constants turn out to be dimen-
sionless, a property that has been related to scale invariance and conformally
invariant theories (see Refs. [19, 20]). In fact, renormalization is intimately
related to the scaling properties of a model and it may be worth to study the
quantization and renormalizability of this model. In doing so, we believe the lack
of metric may allow the model to bypass the uniqueness of the diffeomorphisms
invariant Hilbert space stated in Ref. [13].
Sticking to the classical theory, the analysis of the cosmological implica-
tions is needed. In cosmology there are important aspects with unsatisfactory
explanations, such as those related to the matter content of the Universe (in
particular the dark energy sector), or the large scale structure formation 1.
Additionally, other formal aspects of the model remain unknown, such as the
proper number of propagating degrees of freedom, and whether or not a dual-
ity exists between our model and one of the well-known metric models (say for
example Horˇava-Lifshitz gravity [23, 24]).
We also believe that almost every aspect related to coupling gravity to mat-
ter fields can be extrapolated to couplings with the affine connection without
making reference to a fundamental metric or a local Lorentz symmetry. This
could be done rewriting the affine connection in terms of a local GL(4) con-
nection ωµ
a
b, relating the two of them through use of a frame field e
a
µ and its
inverse eµa
ωµ
a
b = e
a
λe
ν
bΓ
λ
µν − eνb∂µeaν , (28)
where a and b are indices in the defining representation of the local group
GL(4). In particular, GL(4) = R+ × SL(4) and using SL(4) ≃ SO(3, 3), we
can define spinorial representations for the diffeomorphisms group, eventually
1There is a controversy between the experimental results obtained by BICEP2 [21] and
Planck [22] in the respect of their interpretation associated with inflation.
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we will be able to define an action for SO(3, 3) spinors in four dimensions (check
Appendix A).
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A Matter Fields
The Dirac equation relies on the local SO(3, 1) Lorentz symmetry for everything.
The aim of this section is to describe the inclusion of Dirac spinor without a
local Lorentz symmetry in four dimensions.
Dirac spinors are the fields that transform under representation of the local
symmetry group that corresponds to the double cover of the original symme-
try. We are interested in the representations of the diffeomorphisms group, that
could be associated to the local symmetry generated by the semi-simple Lie
group SL(4,R) in four dimensions. This notion is unusual because typically
one would think of SO(3, 1) as the local symmetry, and its double cover would
generally be called the spin group Spin(3, 1). Instead, we realize that the local
symmetry we have got, SL(4,R) is equivalent to SO(3, 3) and the fundamental
six dimensional representation of this group corresponds to the space of 4 × 4
antisymmetric matrix representation of SL(4,R). In terms of their invariant
tensors, it is easy to see their correspondence. Consider a vector with compo-
nents vA = 1√
2
(F 01−F 23, F 02−F 31, F 03−F 12, F 01+F 23, F 02+F 31, F 03+F 12),
where F ab is an antisymmetric tensor representation of SL(4). A diagonal met-
ric ηAB = diag(−,−,−,+,+,+) allows us to compute inner products, and ~v · ~v
is
(29)
~v · ~v = 2
(
F 01F 23 + F 02F 31 + F 03F 12
)
=
1
4
ǫabcdF
abF cd.
Thus, in order to consider SL(4,R) double cover we will use the Clifford algebra
Cl3,3 defined by
[ΓA,ΓB] = 2ηAB (30)
and redefine
(31)ΓA → 1√
2
(γ01 − γ23, γ02 − γ31, γ03 − γ12, γ01 + γ23, γ02 + γ31, γ03 + γ12)
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to rewrite the Clifford algebra in Eq. (30) as
{γab, γcd} = 2ǫabcd, (32)
where γab are antisymmetric in a ↔ b, 8 × 8 complex matrices and ηAB is
basically ǫabcd in a different basis.
Thus, several topological scalars can be added to the Lagrangian density
LΨ = g1Ψ¯γabeaµebνT λ,µν∇λΨ+ g2Ψ¯γabeaµebνǫλκµνAκ∇λΨ
+ g3Ψ¯γabe
a
µe
b
ν∇λT λ,µνΨ+ g4Ψ¯γabeaµebνǫλκµν∇λAκΨ.
(33)
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